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a b s t r a c t
Using the notion of relative projectivity, projective modules may be thought of as being
those which are projective relative to all others. In contrast, a module M is said to be
projectively poor if it is projective relative only to semisimple modules. We prove that all
rings have projectively poormodules. In fact, every ring even has a semisimple projectively
poor module. Properties of projectively poor modules are studied and particular emphasis
is given to the study of modules over PCI domains; we note that over such domains when
all right ideals are principalmostmodules seem to be either projective or projectively poor.
We consider rings over which modules are either projective or projectively poor and call
them rings without a p-middle class. We show that a QF ring R with homogeneous right
socle and J(R)2 = 0 has no right p-middle class. Aswe analyze the structure of ringswith no
right p-middle class, among other results, we show that any such ring is the ring direct sum
of a semisimple artinian ring and a ring K which is either zero or an indecomposable ring
such that either (i) K is a semiprimary right SI-ringwith J(K) ≠ 0, or (ii) K is a semiprimary
ring with Soc(KK ) = Zr (K) = J(K) ≠ 0, or (iii) K is a prime ring with Soc(KK ) = 0, and
either J(K) = 0 or K J(K) and J(K)K are infinitely generated, or (iv) K is a prime right SI-ring
with infinitely generated right socle.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction and Preliminaries
Throughout, our rings will be associative with identity and modules will be unital right R-modules unless otherwise
stated. As usual,Mod− R denotes the category of all right R-modules over a ring R and SSMod− R the class of all semisimple
right R-modules. Following [2], for anymoduleM ,Pr−1(M) = {N ∈ Mod−R : M is N−projective} is called the projectivity
domain of M . Clearly, M is projective if and only if Pr−1(M) = Mod − R. In other words, M is projective if its projectivity
domain is as large as it can be. In this paper, we will focus on modules that have a domain of projectivity which is as small
as possible. Clearly, every module is projective relative to any semisimple modules (SSMod− R ⊆ Pr−1(M) for any module
M ∈ Mod − R) and therefore we define a module M to be projectively poor (briefly p-poor), if its domain of projectivity
consists precisely of the semisimple modules. In other words,M is projectively poor if and only ifPr−1(M) = SSMod− R.
It is natural to wonder about the existence of projectively poor modules, so, in this paper, we actually prove in two
ways that indeed every ring has a projectively poor module (Propositions 2.5 and 2.6). One may thus consider rings R over
which all right R-modules are either projective or projectively poor; we refer to such a phenomenon by saying that R has no
(right) p-middle class. While when every module over a ring R is projective or when every module is projectively poor, R is
semisimple artinian, rings with no right p-middle class are not necessarily semisimple artinian. Indeed, a quasi-Frobenius
ring Rwith homogeneous right socle and J(R)2 = 0 has no right p-middle class. (Example 3.12).
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Our paper is inspired by similar ideas and problems in [1] and [6], where an injective version of poor modules is
introduced and studied. In particular, rings having semisimple (injectively) poor modules and rings with no right (injective)
middle class are characterized in [6]. It is not surprising that there are both similarities and differences between the results
in [1] and [6] and those here. For example, the problem of the existence of semisimple poor modules, a central result of [6],
is not an issue in the projective case (Theorem 2.8.)
Considering that right PCI-rings, those rings overwhich proper cyclic rightmodules are injective, play a central role in the
structure theory of rings with no (injective) middle class, it seems natural to consider the possible projectivity domains for
modules over such rings. Recall that a right PCI-ring which is not semisimple artinian is called a right PCI-domain. We note
that a right PCI-domain has the property that every right injective module is projectively poor and, in Cozzens’s example
of a PCI-domain in [4] modules which are neither p-poor nor projective seem to be hard to come by (Proposition 2.15). We
explore the structure of rings with no right p-middle class in Theorem 3.11.
This main theorem of the paper states that every ring with no right p-middle class is the ring direct sum of semisimple
artinian ring and K is zero or an indecomposable ring with the property (i) K is a semiprimary right SI-ring with J(K) ≠ 0,
or (ii) K is a semiprimary ring with Soc(KK ) = Zr(K) = J(K) ≠ 0, or (iii) K is a prime ring with Soc(KK ) = 0, and either
J(K) = 0 or K J(K) and J(K)K are infinitely generated, or (iv) K is a prime right SI-ring with infinitely generated right socle.
A ring R is called a right SI-ring if every singular right R-module is injective. For a domain, the SI and PCI-rings are
equivalent. These rings have been studied extensively in recent years (see [3–5,7–10]). For a ring R, J(R), Soc(RR), Zr(R) =
Z(RR), P(R) will respectively denote the Jacobson radical, right socle, right singular ideal, and prime radical of R. For any
module M over a ring R, annR(M) denotes the right annihilator of M in R. We use ≤,≤e,≤d,≤m to denote the relation
submodule, essential submodule, direct summand, and maximal submodule, respectively. A ring R is called semiprimitive
if its Jacobson radical is the zero ideal. A module is called semiartinian if every homomorphic image of it has essential socle.
A ring R is called right semiartinian if RR is semiartinian. A ring R is called semiprime if R has no nonzero nilpotent ideal or
equivalently the prime radical is P(R) = 0.
For basic terminology, concepts and results not mentioned here, we refer the reader to [2,8,11,12].
2. Existence of p-poor modules
Recall that for every module M , Pr−1(M) is closed under submodules, epimorphic images and finite direct sums. We
begin with some basic properties.
Proposition 2.1. For every ring R,

M∈Mod−R Pr−1(M) = SSMod− R.
Proof. The containment ⊇ is clear. Let N ∈ M∈Mod−R Pr−1(M) and T ≤ N . Then N/T is N-projective. So T ≤d N . Hence
N ∈ SSMod− R. 
Recall that MR is called p-poor if Pr−1(M) = SSMod − R. Some elementary properties of p-poor modules are worth
mentioning. The first remark points out that the conditions ‘‘all modules are projective’’ and ‘‘all modules are p-poor’’ are
equivalent.
Remark 2.2. For a ring R, the following are equivalent:
(i) R is semisimple artinian.
(ii) every right R-module is p-poor.
(iii) there exists a projective p-poor module.
(iv) {0} is p-poor.
(v) R is p-poor.
Remark 2.3. For every ring R, ifMR is a p-poor module, then for all N ∈ Mod− R,M ⊕ N is p-poor.
Proof. Assume M ⊕ N is T -projective. Then M is T -projective. Since M is p-poor, T must be semisimple. Thus M ⊕ N is
p-poor. 
The reader should observe that Example 2.10 illustrates that the converse of Remark 2.3 is false.
Remark 2.4. If⊕i∈IM(Ii)i is p-poor, then⊕i∈IMi is p-poor.
Before proving the existence of p-poor modules for every ring, first note that a module M is p-poor if and only if every
cyclic module in the domain of projectivity ofM is semisimple.
Proposition 2.5. Every ring has a p-poor module.
Proof. Let R be a ring. Let {Aγ | γ ∈ Γ } be a complete set of representatives of isomorphism classes of non-semisimple
cyclic right R-modules. For each γ ∈ Γ , since Aγ is non-semisimple we can pick a non-direct summand Xγ of Aγ . Clearly,
Aγ /Xγ is not Aγ -projective. Consider the module X = ⊕γ∈Γ Aγ /Xγ . Let A be a non-semisimple cyclic module such that X is
A-projective. Then there exists some γ ∈ Γ such that A ∼= Aγ . But this implies that Aγ /Xγ is Aγ -projective, a contradiction.
Hence X is p-poor. 
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An alternative generic construction of a p-poor module is as follows.
Proposition 2.6. Let R be a ring and M = ⊕N∈Γ N, where Γ is a complete set of representatives of cyclic right R-modules. Then
M is p-poor.
Proof. Following the same notation as in the proof of Proposition 2.5, let X ′ ≤ X denote the direct sum of a complete set of
representatives of isomorphism classes of the Aγ /Xγ ’s. Since X is p-poor, X ′ is p-poor by Remark 2.4. Since X ′ ≤d M , M is
p-poor by Remark 2.3. 
Proposition 2.7. The following conditions are equivalent for a ring R.
(i) R is semisimple artinian.
(ii) All p-poor right (left) R-modules are semisimple.
(iii) Nonzero direct summands of p-poor right (left) R-modules are p-poor.
(iv) Nonzero factors of p-poor right (left) R-modules are p-poor.
Proof. If R is semisimple artinian, then the other conditions hold clearly. If one of the conditions (ii), (iii) or (iv) holds, then
everymodule is p-poor, since a p-poormodule exists and the direct sumof anymodulewith a p-poormodule is again p-poor
(Remark 2.3). Hence we get R is semisimple artinian by Remark 2.2. 
In [6], rings which have semisimple (injectively) poor modules are characterized. Unlike (injectively) poor modules, we
show that every ring has a semisimple p-poor module as follows.
Theorem 2.8. Every ring has a semisimple p-poor module.
Proof. Let Γ be a complete set of representatives of isomorphism classes of simple right R-modules. Put S = ⊕B∈Γ B. Let
xR be a nonzero cyclic module in Pr−1(S). Let T be a maximal submodule of xR. Consider the simple module K = xR/T . By
the choice of Γ , K ≤d S. Then K is xR-projective, since S is xR-projective. Therefore T ≤d xR. Hence xR is semisimple. This
implies that S is p-poor. 
In [1], it was proved that if R is right artinian, then (R/J(R))R is poor. We consider a stronger result for p-poor modules.
Proposition 2.9. If R is semilocal, then (R/J(R))R is p-poor.
Proof. Let Γ , S be as in the proof of Theorem 2.8. Then ∀B ∈ Γ , we have B ∼= R/M for some M ≤m R. Note that since
J(R) ⊆ M , R/J(R)maps onto R/M . By assumption, R/J(R) is semisimple artinian, and so B is isomorphic to a direct summand
of R/J(R), thus, so is S. This implies R/J(R) is p-poor by Remark 2.3. 
Example 2.10. The Z-module M = ⊕p primeZp (as p ranges over primes) is p-poor, but no proper direct summand of M is
p-poor.
In [1], it was shown that over a right PCI-domain, every module is either injective or (injectively) poor. We give some
results related to the projective version of this question. Recall that over a right PCI-domain, every proper cyclic rightmodule
is semisimple. Also note that a right PCI-domain is right Ore (Theorem 17 in [7]), hence right uniform.
Lemma 2.11. If R is a right PCI-domain (not division ring), then E(R) is p-poor.
Proof. It suffices to show that E(R) is not R-projective. Since R is right uniform, any nonzero map from E(R) into R would
have to be one to one, which implies that Hom(E(R), R) = 0. Note that R is a right SI-ring, and so E(R)/R is semisimple, so
it has a simple submodule S. Thus the canonical map f : E(R)→ S can be considered as that from E(R) onto R/M for some
maximal right idealM of R. This f cannot be lifted to R, so E(R) is not R-projective. 
Corollary 2.12. If R is a right PCI-domain, then every nonzero injective module is p-poor.
Proof. We first show every simple right module is p-poor. Let SR be simple. Since R is right uniform, S is singular, hence not
projective. Thus S is not R-projective (Proposition 16.12 in [2]), hence p-poor. Let 0 ≠ MR be injective. If Soc(M) ≠ 0, M
contains at least one simple submodule S. Since S is injective, S ≤d M , andM is p-poor by Remark 2.3. Assume Soc(M) = 0.
Let x ∈ M . Clearly xR ∼= R. Hence the p-poor module E(R) (Lemma 2.11) embeds inM . So once againM must be p-poor by
Remark 2.3. 
Our study of PCI-domains led to the observation that ifMR is a p-poormodule over a right PCI-domain R, andM ≤ N , then
N must be p-poor. Inspired by the similar notion of (right) hereditary rings, we refer to such rings as (right) genetic. A ring
R is right genetic if every right R-module containing a p-poor module is itself a p-poor module. Right PCI-domains are thus both
right hereditary and right genetic. However, we first remark that the two notions do not coincide, even over a commutative
ring.
Example 2.13. If R = Z, then R is hereditary but not genetic.
Proof. Let N = p Z4p,M = p 4Z4p. Then N is Z4-projective, hence not p-poor, but the submodule M ∼= p Zp is
p-poor, so Z is not genetic. 
We now prove our claim.
Lemma 2.14. A right PCI-domain R is right genetic.
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Proof. Assume that a module MR is not p-poor and N ≤ M . We show N is not p-poor. Since M is not p-poor, it must be
R-projective. It remains to show that N is R-projective. It suffices to show that every R-homomorphism f : N → R/I ,
where R/I is proper cyclic, lifts to some g : N → R. Take any such f . Since R/I is injective, there exists a homomorphism
h : M → R/I extending f . ButM is R-projective, so there exists a homomorphism k : M → R lifting h. If i : N → M denotes
the identity map, then clearly g = ki lifts f . 
The second result of the following proposition has the additional assumption of a PRID. It should be noted that this
property holds in Cozzens’s example of a PCI-domain [4].
Proposition 2.15. Let R be a right PCI-domain, and let MR be a module which is neither projective nor p-poor. Then M is
nonsingular. In particular, if R is a PRID, then every nonzero submodule of M has a direct summand isomorphic to RR.
Proof. SupposeM is not nonsingular. Then Z(M) ≠ 0 is injective, since R is an SI-ring. Thus Z(M) is p-poor (Corollary 2.12).
Since Z(M) ≤d M , it followsM is p-poor (Remark 2.3), a contradiction. Now suppose that R is a PRID. Since R is a right V -ring,
M has a maximal submodule. Thus there exists a simple module S and a nonzero R-homomorphism g : M → S. Recall that
since M is not p-poor, it must be R-projective. In particular, there exists a nonzero map f : M → R lifting g , whose image
is isomorphic to both RR and M/Ker(f ). Hence Ker(f ) ≤d M and its complement is isomorphic to R. Now since R is right
genetic (Lemma 2.14), every nonzero submodule ofM is R-projective, and thus has the same property. 
It is currently unclear whether the class of modules that are neither projective nor p-poor in the above proposition is in
fact non-empty. In particular, with the added assumption of a PRID, it is still unclear whether or not the freemodules are the
only modules with the property in the second conclusion of Proposition 2.15. The following section contains results relating
to when this class is empty over a general ring.
3. Rings for which each module is either p-poor or projective
Recall that a ring R is said to have no (right) p-middle class if every right R-module is either projective or p-poor.
Otherwise, we say that R has right p-middle class. Clearly if RR is p-poor then so is R/IR/I for any two-sided nonzero ideal I of
R. Note also that if RR is p-poor then R is semisimple artinian (Remark 2.2). Thus if (R/I)R is p-poor, then R/I is semisimple
artinian. We begin with some simple observations.
Remark 3.1. The following lemma is used extensively throughout the rest of the paper. It should be noted that the lemma
holds with a weaker assumption on the ring. Namely, if every quasi-projective right module is projective or semisimple,
then the following conclusions will also hold.
Lemma 3.2. Let R be a ring with no right p-middle class and I be a nonzero two-sided ideal of R. Then the following hold.
(i) R/I is semisimple artinian or I ≤d R.
(ii) If J(R) ≠ 0, then R is semilocal.
(iii) Soc(RR) ≤d R or R is semiartinian with Loewy length at most 2.
Proof. (i) Let I be a nonzero two-sided ideal of R. If R/I is projective, then I ≤d R. If not, R/I is p-poor, then R/I is semisimple
artinian. (ii) and (iii) are clear by (i). 
Proposition 3.3. If R is a right hereditary ring with no right p-middle class, then R is right genetic.
Proof. Without loss of generality, we may assume that RR is not semisimple. LetM be p-poor and N be such thatM ≤ N . If
N is projective, thenM is projective by assumption. This is a contradiction. Hence N must be p-poor. 
As an easy consequence of the following result, Z8 is an example of a ring with (right) p-middle class.
Lemma 3.4. Let R be a ring with no right p-middle class and J(R) ≠ J(R)2, then J(R)2 = 0.
Proof. Assume that J(R)2 ≠ 0. By Lemma 3.2, R/J(R)2 is semisimple or J(R)2 ≤d R. The latter is impossible. Then we get
J(R) = J(R)2. This is a contradiction. 
By the same consideration as in [6, Lemma 1], the following lemma can be seen easily, but we give the proof for
completeness.
Lemma 3.5. The property of having no right p-middle class is inherited by factor rings.
Proof. Let R be a ringwith no right p-middle class and I be a two-sided ideal of R. LetMR/I be a right R/I-modulewhich is not
p-poor. By assumption, there exists a non-semisimple right R/I-module NR/I such that MR/I is NR/I-projective. This implies
thatMR is NR-projective. Since NR is non-semisimple,MR must be projective by assumption. HenceMR/I is projective. 
We now begin to lay the groundwork for our main theorem.
Lemma 3.6. Let R be a ring. If R has no right p-middle class, then R is either semiprimary with J(R)2 = 0 or semiprime.
Proof. Let I be a nonzero nilpotent two-sided ideal of R. Then R/I is either p-poor or projective. The latter is not possible.
Hence R/I is p-poor. This implies that R/I is semisimple artinian (by Lemma 3.2). Then we have J(R/I) = 0. Hence we get
I = J(R). Thus R is semilocal by Lemma 3.2. But J(R) is nilpotent, which implies that R is semiprimary, and in particular
J(R)2 = 0 (by Lemma 3.4). 
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Lemma 3.7. Let R be a ring. If R has no right p-middle class, then R does not contain an infinite independent family of nonzero
two-sided ideals.
Proof. Let {Ii}i∈Γ be an infinite independent family of nonzero two-sided ideals, and Γ ′ be an infinite subset of Γ such that
Γ \Γ ′ is infinite. Set A = ⊕i∈Γ Ii and B = ⊕i∈Γ ′ Ii. By assumption, R/B is either projective or p-poor. Since B is infinitely
generated, R/B cannot be projective. Hence R/B is p-poor. This implies that R/B is semisimple artinian and so A/B ≤d R/B.
But A/B is an infinitely generated ideal of R/B. This is a contradiction. 
As a special case of the above lemma, we have the following result.
Corollary 3.8. Let R be a ring. If R has no right p-middle class, then R does not contain an infinite set of central orthogonal
idempotents.
Lemma 3.9. If R is an indecomposable ring with no right p-middle class, then Soc(RR) ≤e R with J(R)2 = 0 or Soc(RR) = 0.
Proof. By assumption the right R-module R/Soc(RR) is either projective or p-poor. Assume that R/Soc(RR) is projective.
Then R = Soc(RR) ⊕ A for some right ideal A of R. We claim that Soc(RR)A = 0. Fix x ∈ Soc(RR), and consider the natural
epimorphism f : A → xA. Clearly Kerf ≤e A. A/Kerf ∼= xA is both singular and projective, since Soc(RR) is projective. This
implies that xA = 0 and therefore A is a two-sided ideal. Since R is indecomposable, Soc(RR) = 0 or Soc(RR) = R. The result
holds in either case. If R/Soc(RR) is p-poor, then R/Soc(RR) is semisimple by Lemma 3.2. This implies that Soc(RR) ≤e R and
J(R)2 = 0. 
Lemma 3.10. Let R be an indecomposable semiprime ring with no right p-middle class. If R is not a prime ring, then R is a
semisimple artinian ring.
Proof. Let I be a nonzero two-sided ideal of R. Since R has no right p-middle class, R/I is either projective or p-poor. If R/I
is projective, then there exists a right ideal K of R such that R = I ⊕ K . We also know that KI = 0, so (IK)2 = (IK)(IK) =
I(KI)K = 0. Since R is semiprime, then IK = 0. This implies that K is a two-sided ideal of R. Since R is indecomposable,
then I = R. If R/I is p-poor, then it is semisimple artinian by Lemma 3.2. In both cases, R/I is semisimple artinian. Now
assume that R is not prime, and let A, B be nonzero two-sided ideals of R such that AB = 0. As R is semiprime, we must have
A ∩ B = 0. Hence R is embedded in R/A⊕ R/B by the mapping r → (r + A, r + B). It follows that R is semisimple. 
Theorem 3.11. If R is a ring with no right p-middle class, then R ∼= S × K , where S is semisimple artinian and K is zero or an
indecomposable ring with exactly one of the following properties:
(i) K is a semiprimary right SI-ring with J(K) ≠ 0, or
(ii) K is a semiprimary ring with Soc(KK ) = Zr(K) = J(K) ≠ 0, or
(iii) K is a prime ring with Soc(KK ) = 0, and either J(K) = 0 or K J(K) and J(K)K are infinitely generated, or
(iv) K is a prime right SI-ring with infinitely generated right socle.
Proof. By Corollary 3.8, we have a ring decomposition R = e1R ⊕ · · · ⊕ enR, where {e1, . . . , en} are central orthogonal
idempotents in R and each eiR is an indecomposable ring. Then either R is semisimple artinian (the K = 0 case), or there
exists an i ∈ {1, . . . , n} such that eiR is not semisimple. Let A be a right ideal of ejR for i ≠ j. By assumption, ejR/A is either
p-poor or projective. Every homomorphism ejR/A → eiR/B is 0 for every right ideal B of eiR. This implies that ejR/A is eiR-
projective. Then ejR/A could not be p-poor. Hence ejR/A is projective. This implies that A ≤d ejR. Then ejR are semisimple for
i ≠ j. Then we have the desired ring decomposition R ∼= S × K , where S is semisimple artinian and K is an indecomposable
ring. By Lemma 3.5, K has no right p-middle class. By Lemma 3.6, K is a semiprimary ring with J(K)2 = 0 or semiprime.
Case 1: Let K be a semiprimary ring with J(K)2 = 0. If Zr(K) = 0, then K is a right SI-ring by [9, Proposition 3.5]. Then we
obtain Theorem 3.11 (i). If Zr(K) ≠ 0, K/Zr(K) is p-poor, so it is semisimple artinian by Lemma 3.2. Hence J(K) ⊆ Zr(K).
Since J(K)2 = 0, we have J(K) is a semisimple K -module, i.e. J(K) ⊆ Soc(KK ). Since K is semiprimary, it has a decomposition
K = ⊕ni=1fiK , where fiK are local modules. Note for k ∈ {1, . . . , n}, that J(fkK) ⊆ Zr(fkK) ≠ fkK implies that J(K) = Zr(K).
Assume, for contradiction, that J(K) ≠ Soc(KK ). Then some of the fiK are simple. We can assume that f1K , . . . , ftK are all
the simple components of the decomposition for 1 ≤ t < n. Let I1 = {i ∈ {1, . . . , n} | fiK ∼= fkK} and I2 = {1, . . . , n}\I1.
Let P = ⊕i∈I1 fiK . Let i ∈ I1 and j ∈ I2. Clearly Hom(fjK , fiK) = 0. We also have J(fjK) singular, and so Hom(fiK , fjK) = 0.
Since K is indecomposable, P = 0 or P = K . This is a contradiction. Hence J(K) = Zr(K) = Soc(KK ). Then we obtain
Theorem 3.11(ii).
Case 2: Let K be a semiprime ring. Then K is prime (Lemma 3.10). Assume that Soc(KK ) = 0. If J(K) ≠ 0, then J(K)2 = J(K)
(Lemma 3.4). By Nakayama’s Lemma, JK and K J are both infinitely generated, and we obtain Theorem 3.11(iii). Assume that
Soc(KK ) ≠ 0. By Lemma 3.9, Soc(KK ) ≤e K and J(K)2 = 0. By assumption, J(K) = 0. Since K is prime and Soc(K) ≠ 0,
we must have Zr(K) = 0. We also have that Zr(K)Soc(KK ) = 0. Then K is a right SI-ring by [9, Corollary 3.7]. Now if K
had finitely generated socle, KK would be semisimple by [2, Proposition 10.15], a contradiction. We also have K/Soc(KK )
semisimple artinian by Lemma 3.9, and we obtain Theorem 3.11(iv). 
It is natural to ask the converse of Theorem3.11.Wegive somepartial answers to this question. Observe that the following
establishes the feasibility of case (i) in Theorem 3.11.
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Example 3.12. Let R =

K K
0 K

, where K is a field. Then R has no right p-middle class.
Proof. Let M be a right R-module. If Z(M) = 0, M must be nonsingular. By [9, Theorem 2.12], M is projective. Assume
that Z(M) ≠ 0. Since R is an SI-ring, Z(M) ≤d M , and Z(M) must be semisimple. By Remark 2.3, it suffices to show every
singular simple rightmodule is p-poor. Thuswe need to only show that SR = R/Soc(RR) is p-poor. Suppose S is xR-projective,
where xR is non-semisimple. Without loss of generality, we can assume that xR ∼=

K K
0 0

. Note there exists a nontrivial
epimorphism f : xR → S, which must be split. But Kerf is not a direct summand of xR. This is a contradiction. Thus S must
be p-poor. 
Remark 3.13. IfR is aQF ringwith no right (injective)middle class andno right p-middle class, then clearly for everymodule,
injectivity and projectivity domains are equivalent.
The following proposition yields examples of rings of type (ii) in Theorem 3.11 with no right p-middle class (e.g. Z4).
Proposition 3.14. If R is a (non-semisimple) QF ring with homogeneous right socle and J(R)2 = 0, then R has no right p-middle
class and In−1(M) = Pr−1(M) for all M ∈ Mod− R .
Proof. LetM be a non-projective R-module. Wewill show thatM is p-poor. Since R is QF,M cannot be injective. Now by the
same considerations as in [6, Proposition 9], R is artinian serial with a decomposition R = ⊕ni=1eiR, where eiR are isomorphic
local modules, eachwith composition length 2, by the non-semisimple and homogeneous assumption. This also implies that
R has a unique simple right R-module. M decomposes into a direct sum of cyclic uniserial modules, one of which, say Mi,
must be simple. But there is a unique simple up to isomorphism, hence Mi is p-poor by Theorem 2.8 and Remark 2.4. So
M is p-poor by Remark 2.3. Thus R has no right p-middle class. R has no right middle class by [6, Proposition 9]. The rest is
clear. 
Corollary 3.15. If R is a QF-ring with a unique simple module (up to isomorphism) and J(R)2 = 0, then R has no right p-middle
class.
Although we suspect that right PCI-domains have no right p-middle class, we have not yet been able to prove it. If this
were indeed the case, they would be examples of rings of type (iii) in Theorem 3.11 and the result would establish the
feasibility of that case. Similarly, we have not been able to decide whether case (iv) in that theorem is feasible or not.
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